
 

 

 

(a) 𝑦 = 8 ⇒ sec3 𝜃 = 8 ⇒ sec 𝜃 = 2 ⇒ cos 𝜃 =
1

2
⇒ 𝜃 =

𝜋

3
   

 

𝜃 =
𝜋

3
⇒ 𝑥 = 3 ×

𝜋

3
× sin

𝜋

3
=

√3𝜋

2
  

  



(b) 
𝑑𝑥

𝑑𝜃
= 3 sin 𝜃 + 3𝜃 cos 𝜃 ⇒ 𝑑𝑥 = (3 sin 𝜃 + 3𝜃 cos 𝜃)𝑑𝜃 

 

Area = ∫ 𝑦 𝑑𝑥 = 
√𝟑𝝅

𝟐
0

∫ sec3 𝜃
𝜋

3
0

(3 sin 𝜃 + 3𝜃 cos 𝜃)𝑑𝜃 = 3 ∫ (
sin 𝜃

cos3 𝜃  
+ 𝜃 sec2 𝜃)

𝜋

3
0

𝑑𝜃 

 

= 3 ∫ (sec2 𝜃 tan 𝜃 + 𝜃 sec2 𝜃)
𝜋

3
0

𝑑𝜃  

 

𝜆 = 3     𝛼 = 0     𝛽 =
𝜋

3
  

 

 

 

 

(c) 3 ∫ (sec2 𝜃 tan 𝜃 + 𝜃 sec2 𝜃)
𝜋

3
0

𝑑𝜃  

 

= 3 ∫ (sec2 𝜃 tan 𝜃)
𝜋

3
0

𝑑𝜃 + 3 ∫ ( θ sec2 𝜃)
𝜋

3
0

𝑑𝜃  

 

The first term above may be integrated by recognition or by substitution. 

 

Using substitution: 

 

Let 𝑢 = 𝑡𝑎𝑛 𝜃 then 
𝑑𝑢

𝑑𝜃
= sec2 𝜃 ⇒ 𝑑𝜃 =

𝑑𝑢

cos2 𝜃 
 

 

When 𝜃 = 0, 𝑢 = 0 and when 𝜃 =
𝜋

3
 , 𝑢 = √3 .  

The integral can now be written as 3 ∫ 𝑢 𝑑𝑢
√3

0
=

9

2
. 

 

Using integration by parts for the second term: 

 

Let 𝑢 = 𝜃 and 
𝑑𝑣

𝑑𝜃
= sec2 𝜃 

𝑑𝑢

𝑑𝜃
= 1 and 𝑣 = tan 𝜃 

 

The integral can now be written as 

 3[𝜃 tan 𝜃]
0

𝜋

3 − 3 ∫ tan 𝜃
𝜋

3
0

𝑑𝜃 = 3[𝜃 tan 𝜃 − ln sec 𝜃]
0

𝜋

3 = √3𝜋 − 3 ln
1

cos
𝜋

3

= √3𝜋 − ln 8 

Adding the two results gives 
9

2
+ √3𝜋 − ln 8. 


