
C4 Parametric Equations 

The curve shown in the figure has parametric equations 𝑥 = 𝑎 cos 3𝑡,   𝑦 = 𝑎 sin 𝑡, 𝑎 > 0,    −
𝜋

6
≤ 𝑡 ≤

𝜋

6
.  

 

The curve meets the axes at points 𝐴, 𝐵 and 𝐶 as shown. 

The straight lines shown are tangents to the curve at the points 𝐴 and 𝐶  and meet the x axis at point 𝐷.  Find in 

terms of 𝑎  

a) the equation of the tangent at 𝐴, 

b) the area of the finite region between the curve, the tangent at 𝐴 and the 𝑥 axis, shown shaded in the figure.  

Given that the total area of the finite region between the two tangents and the curve is 10 cm2, 

c) find the value of 𝑎. 

Solution 

At 𝐴, 𝑥 = 0 therefore 3𝑡 =  ±
𝜋

2
 and 𝑡 = −

𝜋

6
 or 𝑡 =

𝜋

6
.  For these values of 𝑡,  𝑦 =  −

𝑎

2
 and 

𝑎

2
 respectively.  𝐴 is the 

point (0,
𝑎

2
). 

𝑑𝑥

𝑑𝑡
= −3𝑎 sin 3𝑡 and 

𝑑𝑦

𝑑𝑡
= 𝑎 cos 𝑡 therefore  

𝑑𝑦

𝑑𝑥
=  −

cos 𝑡

3 sin 3𝑡
 .  At 𝐴, 

𝑑𝑦

𝑑𝑥
=  −

cos
𝜋

6

3 sin
3𝜋

6

=  −
√3

6
. 

The equation of the tangent at 𝐴 is 𝑦 = −
√3

6
𝑥 +

𝑎

2
. 

At 𝐷, 𝑦 = 0 and 𝑥 =
1

2
𝑎

√3

6

= √3𝑎.  The area of triangle 𝐴𝑂𝐷 is 
√3𝑎 × 

𝑎

2

2
=

√3𝑎2

4
. 

At 𝐵, 𝑦 = 0 ⇒ 𝑡 = 0 ⇒ 𝑥 = 𝑎.  The area enclosed by the axes and the curve between 𝐴 and 𝐵 is given by ∫ 𝑦 𝑑𝑥
𝑎

0
.  

This is ∫ 𝑎 sin 𝑡 (−3𝑎 sin 3𝑡) 𝑑𝑡
0

𝜋/6
 = −3𝑎2 ∫ sin 3𝑡 sin 𝑡 𝑑𝑡

0

𝜋/6
. 

sin 3𝑡 sin 𝑡 ≡
1

2
[(cos 3𝑡 cos 𝑡 + sin 3𝑡 sin 𝑡) − (cos 3𝑡 cos 𝑡 − sin 3𝑡 sin 𝑡)] ≡

1

2
(cos 2𝑡 − cos 4𝑡).  

Alternatively, using the product sum formula,  cos 𝐴 − cos 𝐵 ≡  −2 sin
𝐴+𝐵

2
sin

𝐴−𝐵

2
 ,  with 

𝐴+𝐵

2
= 3𝑡 and 

𝐴−𝐵

2
= 𝑡. 

𝐴 + 𝐵 = 6𝑡, 𝐴 − 𝐵 = 2𝑡 ⇒  𝐴 = 4𝑡 and 𝐵 = 2𝑡 ⇒  sin 𝑡 sin 3𝑡 =  −
1

2
(cos 4𝑡 − cos 2𝑡). 

The integral becomes 
3𝑎2

2
∫ (cos 4𝑡 − cos 2𝑡)𝑑𝑡

0

𝜋/6
 =

3𝑎2

2
[

1

4
sin 4𝑡 −

1

2
sin 2𝑡]𝜋

6

0
  

=
3𝑎2

2
(

1

2
sin

𝜋

3
−

1

4
sin

2𝜋

3
) =

3𝑎2

2
(

√3

4
−

√3

8
) =

3√3 𝑎2

16
. 

The shaded area is the area of triangle 𝐴𝑂𝐷 – the integral above. This is 
√3 𝑎2

4
−

3√3 𝑎2

16
=  

√3 𝑎2

16
. 

Given that the total area between the tangents and the curve is 10cm2,  
√3 𝑎2

16
= 5 ⇒ √3 𝑎2 = 80 ⇒ 𝑎 = √

80

√3
=

6.796 correct to 4 significant figures.   
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